We construct two new classes of exact solutions to string theory which are not of the standard plane wave or gauged WZW type. Many of these solutions have curvature singularities. The first class includes the fundamental string solution, for which the string coupling vanishes near the singularity. This suggests that the singularity may not be removed by quantum corrections. The second class consists of hybrids of plane wave and gauged WZW solutions. We discuss a four dimensional example in detail.
Introduction
One of the main obstacles toward a better understanding of string theory is the scarcity of exact classical solutions. At the present time, only two classes of solutions are known for the bosonic string. The first are plane-wave-type backgrounds [1, 2, 3, 4] which have a covariantly constant null vector, and the second are those corresponding to gauged WZW models (see e.g. [5, 6] ). (For the superstring, there is a third class of solutions corresponding to (2, 2) supersymmetric models.)
There is a well known ambiguity in the form of the classical string equations of motion. These equations are usually expressed as a power series in α ′ . The leading term is unambiguous, but the form of the higher order terms can be altered by field redefinitions or equivalently, by choosing different 'renormalization schemes'. For the simplest plane wave solutions this ambiguity is irrelevant since all the higher order terms vanish identically. For the gauged WZW solutions, in the familiar conformal field theory (CFT)
scheme there are α ′ -corrections to all orders [7, 8, 9] , but there is evidence [10, 11, 12] that there also exists a scheme where the leading-order solution is exact. Given this ambiguity, to study string propagation and scattering one needs to know more than the fact that a particular background is exact in a certain scheme. One also needs to identify explicitly the corresponding CFT. This is known for the gauged WZW models, but not for all the plane wave solutions. Nevertheless, some properties of a solution can be determined from the information about its exact form in some scheme.
Is it possible to go beyond these two classes of solutions? Consider a family of backgrounds described by a dilaton φ(x) and a metric and antisymmetric tensor characterized by a single function F (x):
Note that the two functions F and φ depend only on the transverse coordinates x i . For backgrounds of this form, the leading order equations of motion reduce to (see Appendix A)
where b i is a constant vector. Some of the solutions to (1.2) have recently been shown to correspond to gauged WZW models where the subgroup being gauged is nilpotent [13] . It was argued that they should not receive higher order corrections in the CFT scheme. It is currently unknown whether all solutions to (1.2) can be obtained from a gauged WZW model but we believe this to be unlikely. Nevertheless, we will show that there is a scheme in which all of these solutions are exact and receive no α ′ corrections. Since the equation for F −1 is linear, linear combinations of these solutions yield new exact solutions. One of the most interesting solutions in this class is the fundamental string (FS) [14] which has b i = 0 and
(1.3)
where r 2 = x i x i and D is the number of spacetime dimensions. This solution describes the field outside of a straight fundamental string located at r = 0. The metric (1.1) becomes degenerate at r = 0 and the curvature diverges. One would therefore expect the higher order terms in the string equations to become important and significantly modify the solution. However it was recently suggested [15] that this might not be the case for the superstring. Some evidence based on supersymmetry was presented that the FS does not receive higher order α ′ corrections. 1 One consequence of our results is that the FS is indeed an exact solution (in a particular scheme) even for the bosonic string theory, and thus of course is a heterotic or superstring solution as well.
It is known that the FS in D > 4 is the extremal limit of a two parameter charged black string solution to the leading order equations with regular event horizon [16, 17] .
The nonextremal black string receives higher order α ′ corrections. But in D = 3 a twoparameter charged black string solution was constructed from a gauged WZW model [18] .
It is likely that there exists a scheme in which this leading order solution is exact (this was shown to order α ′ in [11] ). Its extremal limit turns out the be the general solution to (1.2) in three dimensions. This provides a perturbative check on the general argument for the conformal invariance of these backgrounds. In the original construction, the extremal D = 3 black string was obtained by taking a certain limit of a background representing a gauged WZW model. We will show that this extremal solution can be obtained directly as a particular gauged SL(2, R) × R/R WZW model. 1 It was shown in [15] that corrections to the equations of motion coming from specific (anomaly-related) terms in the effective action vanish on the FS background. However, their argument is incomplete since the heterotic string effective action also contains other terms (necessary for reproducing the string S-matrix) which were not considered in [15] . It may be that the contributions of these other terms (taken in a specific 'supersymmetric' scheme) also vanish on the FS background but this question deserves further investigation.
The fact that the FS (1.3) is an exact classical solution has implications for singularities in string theory. We do not yet have a completely satisfactory definition of a singularity in classical string theory. Geodesic incompleteness, which is so useful in general relativity, is clearly unsatisfactory as seen e.g. by the example of orbifolds. Even diverging curvature is not a sufficient condition since some solutions with curvature singularities are known to be equivalent to nonsingular backgrounds. A definition based on the motion of classical strings is no better than geodesics, since null geodesics are included in the motion of strings. It appears that one must define a singularity in terms of the motion of quantum strings. This is natural since the equations for the background fields come from requiring that quantum strings are described by a CFT. Thus a string singularity should be a CFT which is ill-behaved in some sense. For the simplest plane wave solutions, one can study the propagation of quantum strings explicitly and show that this is not well behaved when the wave becomes singular [2] (see also [3] ). So at least some classical singularities exist in string theory.
We do not yet know if the CFT associated with the FS is ill-behaved due to the curvature singularity. If it is, this may have a striking consequence. One usually expects that quantum effects will be large near regions of large curvature. But the string coupling is a dynamical field e φ , and for the FS solution e φ → 0 near the singularity. This is quite different from other familiar examples of classical solutions such as the two dimensional black hole [5] for which e φ diverges at the singularity in the leading order metric. (If one just considers solutions to the leading order equations, one can obtain a large class of singular backgrounds by starting with any regular solution with a symmetry having a fixed point, and applying a spacetime duality transformation [19] . In all these examples, e φ diverges at the singularity.) The fact that e φ → 0 for the FS suggests that quantum loop corrections will be suppressed and the solution will become more classical near the singularity. If this could be established, it would show that at least some singularities remain even in quantum string theory.
The observation that all the leading order solutions of the form (1.1) are exact also has implications for spacetime duality. These solutions can be obtained by applying a leading order duality transformation (with respect to translations in u) to the plane wave metrics
with K = F −1 , B µν = 0 and φ = φ 0 + b i x i . These solutions are known to be exact. One can ask whether there always exists a scheme in which the leading order duality is not modified by α ′ -corrections. It turns out that this is not the case: the α ′ -modification [20] of the leading-order duality is necessary in all the schemes if D ≥ 3. (A special scheme where duality is not modified exists in D = 2; this is not surprising since as we shall see the effective action is trivial in this case.) However, it is possible that the following slightly weaker statement is true: Given an exact solution to string theory with a continuous symmetry, the solution obtained by a leading order duality transformation is also exact in some scheme.
This conjecture does not require that duality itself be exact since we allow the original solution and its dual to be exact in different schemes. Some earlier evidence for this came from the fact that the three dimensional black hole constructed from the SL(2, R) WZW model [21] (which is exact) is dual to the three dimensional black string [18] , and it was
shown [11] that the first α ′ correction to the black string metric can be removed by a field redefinition. The fact that the leading order duals to the plane wave solutions (1.4) also turn out to be exact is further support for this conjecture.
The method we will use to establish the conformal invariance of (1.1) also applies to a larger class of backgrounds where the transverse space is curved. A similar argument can be used to show the conformal invariance of the plane wave metrics (1.4) with non-flat transverse part (see also [4] ). To obtain explicit solutions, one needs the 'transverse' theory to be, e.g., a gauged WZW model. In this way one obtains a 'hybrid' of the plane wave and gauged WZW solutions.
To illustrate this construction, we will discuss two examples. The smallest dimension for which the construction is nontrivial is f our. In this case we are able to resolve a difficulty with the FS in four dimensions. The FS (1.3) in D = 4 differs from its higher dimensional analogs in that it has an extra singularity at a non-zero value of r. We will find that the dual of the new solution we construct can be viewed as a fundamental string in D = 4 which is asymptotically flat and has no additional singularities. We will also discuss a simple five dimensional example (which may also be interpreted as a D = 4 heterotic string solution).
It is clear that when considering exact solutions, the scheme dependence of the equations of motion, or effective action (EA) that reproduces them, plays an important role.
We shall show that in D = 2 one can actually represent the (G, B, φ) part of the EA only by the leading-order term. In other words, all of the higher order α ′ -terms can be redefined away. In retrospect this is not surprising for two reasons. First, in D = 2, the metricdilaton system has no dynamical degrees of freedom and the only propagating mode is a massless tachyon. So there are no real massive exchanges and hence no genuine α ′ -vertices in the EA. Second, in D = 2 the most general leading-order classical solution is the 'black hole' [5, 22] . This corresponds to the SL(2, R)/U (1) coset and it is known that there exists a scheme [10] where the leading order solution is not modified by higher-order corrections.
In D = 3 one cannot remove all the higher order terms since the (G, B, φ) system has one degree of freedom. However, we will see that it is possible to choose a scheme in which the higher order terms depend only on derivatives of the dilaton.
The plan of this paper is as follows. In Section 2 we introduce the general models we wish to consider, and derive the conditions under which they are conformally invariant to all orders in α ′ . In the next section, we use these results to explicitly construct two new solutions, one in four spacetime dimensions, and the other in five. Section 4 is devoted to a discussion of the field redefinition ambiguity and the structure of the effective action in low dimensions. In Section 5 we will show that solutions to (1.2) in D = 3 correspond to a gauged WZW model. Section 6 discusses the relation between solutions (in particular, the ones corresponding to gauged WZW models) in different schemes. Some concluding remarks are made in Section 7. The appendices contain some technical details and a further generalization of our models.
Path integral argument for conformal invariance

Basic models
We wish to study strings propagating in the background (1.1) with a curved transverse space. This propagation is described by the following σ-model
where R is related to the worldsheet metric γ and its scalar curvature by R ≡ √ γR (2) .
We will refer to this model as the 'F -model'. We will also study the following generalization of the plane waves
which we will call the 'K-model'. When K and φ are independent of u, these two models are simply related by leading order duality: the dual of (2.2) with respect to u is (2.1)
The F -model has a large symmetry group. It is invariant under the three Poincare transformations in the u, v plane. Moreover, it is invariant under the infinite-dimensional
, i.e. it has two chiral currents. In general, the K-model has only one null Killing vector l = ∂/∂v, but it is covariantly constant. The special case where φ depends only on u, and
actually has translation invariance in all transverse directions. It can be put into the form
i.e. it has one chiral current.
The fact that the K-model has a covariantly constant null vector can be used to give a simple geometrical argument that leading order solutions are exact in the special case when G ij = δ ij , B ij = 0, and φ depends only on u [2] . This is because the curvature contains two powers of the constant null vector l, and derivatives of φ are also proportional to l. One can thus show that all higher order terms in the equations of motion vanish identically. Only the leading order equations turn out to be nontrivial. Can one extend this argument to the case (2.2) when the transverse space is nontrivial? Clearly, the curvature of the transverse space can now appear at all orders of α ′ . Let us suppose that the transverse space is known to be an exact solution in some scheme. Then the model (2.2) will be conformal with K = 0. But the curvature of the metric with K = 0 is equal to the curvature of the metric with K = 0 plus a term of the form (∇∇K) l l. Unfortunately, this can result in nontrivial corrections to the equations of motion at each order of α ′ . These corrections will be linear in K, so one learns that the exact equation for K will also be linear. But from this argument, one cannot conclude that there is a scheme in which the leading order solution for K is also exact. To establish this, one needs to explicitly study the conformal invariance conditions from the path integral which we now proceed to do.
Generating functional and conformal invariance conditions
We shall study the conditions of conformal invariance of the above models by directly looking at the path integral representation for the generating functional. To obtain the complete set of Weyl invariance equations we need to introduce sources for the σ-model fields and find out when the generating functional on a curved worldsheet does not depend on the conformal factor of the worldsheet metric. This is equivalent to the condition of the vanishing of the trace of the stress-energy tensor operator.
To avoid duplication, we will start by considering a more general σ-model which includes both the F -model and the K-model
After proceeding as far as we can in this general theory, we will specialize to the two cases of interest, the K-model (F = 1) and the F -model (K = 0, φ = φ(x)). 3 A slight generalization of the F -model which preserves its conformal invariance is discussed in Appendix B.
Let us define the generating functional
where U, V, X are external sources on the worldsheet with metric γ pq (which is taken in the conformal gauge). Since v only appears linearly in the action, one can do the integral over it explicitly (by rotating v → iv), obtaining a δ-function factor
The δ-function now allows us to do the integral over u to obtain
where u * is defined by (f is an arbitrary holomorphic function)
Low energy solutions of this form have been discussed in e.g. [23] .
3 By adding a multiple of u to v, one can shift K by a multiple of F . So the theory (2.4) with K = bF (b constant) is also equivalent to the F -model. Note also that in the case when K does not depend on u, setting u = y 1 + y 2 , v = y 1 + qy 2 and applying a duality transformation in y 2 direction we find
The determinant factor Ω is defined as follows. If the measure for the (u, v) fields is given
The crucial point is that ln det Q can be computed explicitly and has a local form. The general expression for det Q was found (in heat kernel regularisation) in [24] 
where Λ is an UV cutoff.
As usual, the form of ln det Q in (2.12) is not unambiguous being dependent on a regularisation and choice of measure, i.e. is defined modulo local dimension 2 counterterms.
What is unambiguous is the locality property of (2.12).
The definition of the determinant, i.e. the choice of F 0 and regularisation must be determined by the conditions on the whole (x, u, v) theory (2.4). For example, if we use the heat kernel regularisation and demand target space covariance in the (x, u, v) space we 4 A similar expression was also given in [25] . The reason why this determinant is given by a local expression can be understood in a simple way by drawing an analogy with a complex scalar coupled to a U (1) gauge field:
lnF, so that in the present case the gauge field potential is purely transversal, F = ∂B −∂B = ∂∂lnF .
The logarithm of the determinant is proportional to that of a 2-dimensional Dirac fermion coupled to this gauge field, and the standard Schwinger-type term in the effective action ∼ F (∂∂) −1 F is equal to lnF ∂∂lnF .
should set F 0 = F . 5 This is because the covariant functional measure for a σ-model with the target space metric G µν is defined by < δx, δx
(we do not indicate explicitly the free-theory γ-dependent term in (2.12)) 13) or, equivalently,
14)
The two terms in (2.14) lead to the local shifts of the metric G ij (x) and dilaton
It should be emphasized that the way we compute the path integral (2.5) (by directly integrating over u, v) does not manifestly preserve the covariance in the (x, u, v) space.
One usually employs the normal coordinate expansion in order to maintain the covariance of perturbation theory. The use of (2.12) with F 0 = F in general is not sufficient to guarantee the target space covariance of the full theory. 6 That means one may need to add extra local ∂x∂x non-covariant counterterms in order to restore the target space covariance, i.e. X ij in (2.15) may contain extra local terms constructed out of derivatives of φ and F .
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Returning to functional integral (2.7), we see that since u * is a non-local functional of x the conditions of Weyl invariance of the resulting theory for x i are hard to determine in a closed form. We can, however, proceed further in our two special cases of interest:
5 For generic choice of measure/regularisation one may need to make a non-covariant redefinition of the dilaton field (φ → φ + a ln det G) in order to restore the target space covariance of the model [26] . 6 The covariance in the transverse x-space is of course preserved under proper choice of regularisation/measure in the x-theory. 7 One may question why the addition of such counterterms is legitimate given that ln det Q in (2.12) does not contain divergences of such kind. The point, however, is that extra divergences may be present in the general (x, u, v) theory which should thus admit the corresponding freedom of local coupling redefinitions.
K-model
In the K-model (2.2), F = F 0 = 1 so that the operator Q (2.11) is trivial and thus u * = U (z) is x-independent (we absorb an arbitrary harmonic zero mode of Q in U ). The resulting path integral is
Now it is easy to formulate the conditions of the Weyl invariance of this theory: (1) the transverse x-model (G ij , B ij , φ) must be Weyl invariant by itself (i.e., for U = 0); (2) since the interaction potential T is equivalent (in what concerns its quantum field x dependence) to a scalar 'tachyonic' term, it should solve the 'tachyonic' Weyl anomaly equation which is linear (to all orders in perturbation theory in α ′ ) in T [27] . Since T is proportional to
Here ω is the scalar anomalous dimension operator which in general contains (G ij , B ij )-dependent corrections to all orders in α ′ and only a few leading α ′n -terms in it are known explicitly (for a review see [10] ). 8 The dilatonic terms appear due to the x and U -dependence of the dilaton. 9 Note also that in contrast to the usual tachyonic coupling, here T has canonical dimension 2, so there is no '-2' (tachyonic mass) term in this equation. The equation (2.18) can also be interpreted as the uu-component of the metricβ-function of the original D dimensional sigma model (see [4] ).
Given an exact string solution (G ij , B ij , φ), in general, we would still be unable to determine the exact expression for K because of the unknown higher order terms in (2.18).
8 Note that we have assumed that the path integral is computed in the 'minimal subtraction' scheme where higher-order tadpoles do not produce contributions to the Weyl anomaly so that the operator ω does not contain higher-derivative terms in the flat space limit. 9 Computing the variation over the conformal factor of γ one finds the 'classical' anomaly term ∼ ∂∂φ which (after use of classical equations of motion) gives There are, however, special cases when this is possible. An obvious one is that of the flat transverse space with the dilaton being linear in the coordinate x
Then the exact equation for K (2.18) becomes
and can be readily solved. For b i = 0 we obtain the previously discussed plane wave type solutions [1, 2, 3, 4] . The special case where
is dual to the FS background [17] and describes a string boosted to the speed of light. For b i = 0 one obtains a generalization of the plane wave type solutions with a linear dilaton.
We can obtain more interesting new exact solutions when the CFT behind the 'transverse' space solution (G ij , B ij , φ) is nontrivial but still known explicitly. In fact, in that case the structure of the 'tachyonic' operator ω is determined by the zero mode part of the CFT Hamiltonian, or L 0 -operator. Fixing a particular scheme (e.g., the 'CFT' one where L 0 has the standard Klein-Gordon form with the dilaton term) we are then able, in principle, to establish the form of the background fields (G ij , B ij , φ) and K. This produces a hybrid of a gauged WZW and plane wave solution. Some examples in four and five dimensions will be discussed in Section 3.
F -model
Let us now turn to the second case when K = 0 and φ = φ(x). In that case the substitution of u * in (2.8) into the action in (2.7) gives 
As mentioned above, this equation can be written down explicitly to all orders in α ′ only when (G ′ , B, φ ′ ) corresponds to a known CFT.
To summarize, given a conformal 'transverse' theory (G ′ , B ′ , φ ′ ) and F satisfying (2.24), we find that for the particular choice of couplings in (2.15) the F -model with
represents an exact string solution (in a particular scheme the choice of which is implicit in the definition of the path integral we were discussing). Since the transverse theory is, in general, defined modulo local coupling redefinitions we may absorb the α
F is an extra scalar from the point of view of the 'transverse' theory). We may also try to interpret this redefinition as a restriction of a field redefinition in the full (u, v, x) theory.
As we have already mentioned above, the crucial point in our path integral argument is the locality of the relation between G ij and G ′ ij . The precise form of this relation would be fixed would we carry out the argument using some fixed explicit regularisation of the whole (x, u, v) theory. If such a regularisation does not manifestly preserve the target space covariance we would need to make local non-covariant redefinitions of the σ-model couplings to restore the covariance in the final expressions. 10 The locality of (2.15) is sufficient in order to be able to claim that there exists a scheme where the F -model represents an exact string solution. We can use the freedom of adding local non-covariant 10 Note that from the point of correspondence with field redefinitions in the effective action, the latter ones need not necessarily be covariant in order to preserve the S-matrix. The assumption of covariance is an extra condition that restricts the class of effective actions and field redefinitions one wishes to consider. From the quantum 2d σ-model point of view, target space covariance is an extra global symmetry in the space of 2d fields and couplings that needs special effort (special choice of bare couplings) to be preserved in the full quantum 2d theory.
counterterms to X ij in (2.15) to put G ij − G ′ ij in a manifestly covariant backgroundindependent form which is the closest analog of (2.25) 26) or simply to remove X ij completely,
This can then be considered as a transformation to a 'leading-order' scheme where the transverse metric is given just by the α ′ -independent G ′ ij . Let us now consider some examples starting again with the simplest case:
or, in terms of the original fields in the leading-order scheme (2.27)
In this scheme, the exact form of the equation for the function F is simply
with F satisfying (2.30) is Weyl invariant to all orders. 12 In this scheme the leading-order duality is exact since the leading-order dual to (2.31) is the K-model
32)
11 Similar redefinitions of the metric appeared in the context of gauged WZW σ-models, relating a 'standard' scheme to a scheme where the leading-order solution is exact [10, 11] (see also Section 6).
12 The F -model (2.31) considered on a flat 2d background is thus UV finite on shell. It may be possible to prove this fact in a more direct way (without the need for an extra redefinition of the metric) using the manifestly covariant normal coordinate expansion in a way similar to how it was done for the WZW model in [28] . One would then still have to show that there exists a dilaton such that the condition of Weyl invariance (which is stronger than scale invariance [29] ) is satisfied as well.
which represents an exact string solution if F solves (2.30) (cf. (2.20) with φ = 0). In particular, we conclude that there exists a scheme in which the FS solution
(2.33)
is a classical string solution to all orders in α ′ .
The conclusion about the existence of a scheme where the F -model (2.31) represents an exact string solution is consistent with the result of [13] that the particular F -model 
(see also Section 6).
Remarks
We have discussed the F -model from the point of view of a perturbative path integral approach. One may try to give an alternative proof of its conformal invariance using the existence of the two chiral currents J u = F ∂u ,J v = F∂v to construct directly the conformal stress-energy tensor. At first sight, it appears this idea should not work since in contrast to the case of the WZW model here we do not have enough chiral currents.
The x i -currents do not look chiral since the x i -equation of motion is not free and has an interaction potential proportional to ∂ i F −1 (for example, this is the Toda equation in the case of the models in (2.34))
However, extra chiral currents may still exist. This is illustrated by the example of the particular D = 3 F -model with F = e −2bx which is equivalent (see Section 5) to the SL(2, R) WZW model and which thus must have extra chiral currents in addition to J u andJ v . In fact, if we define 36) then the classical equations imply
where we have used the fact that F is a pure exponential. Extra chiral currents must also exist for the generic D = 3 F -model since, as we shall show in Section 5, it is equivalent to a gauged SL(2, R) × R/R WZW model, as well as for the the models (2.34) which can also be obtained from particular gauged WZW models [13] .
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Another comment we would like to make is about possible supersymmetric generalisations. The model (2.1) has an obvious n = 1 supersymmetric version with the fields
It would be interesting to formulate conditions on the functions of the F -model under which (2.1) admits n > 1 generalisations. Such extended supersymmetric versions exist for the special F -models which correspond to gauged WZW models.
As for generic F -models, we can try to draw an analogy with the case of the n = 1 supersymmetric gauged WZW theories. In supersymmetric WZW models there is no nontrivial shift of k coming from the measure since the Jacobian (ŷ andŷ ′ are superfields of opposite statistics)
is trivial [9] : the fermionic and bosonic A-dependent contributions cancel out. This is the reason why the corresponding σ-model couplings receive no α ′ -corrections [30, 8, 9] . A similar conclusion is true for the n = 1 super-generalisation of the determinant factor Ω in (2.10)
lnF , it is natural to expect that this determinant factor contains only the dilaton contribution and not the derivative ff -term when defined in a supersymmetric way. Then the metric in (2.15) does not have the α ′ -correction. This is certainly true for the particular F -models (D = 3 and models in (2.34)) which are related to gauged WZW theories.
New exact solutions in five and four dimensions
We showed in the previous section that one could construct new exact solutions which were a hybrid of the gauged WZW models and the plane waves by using a gauged WZW model to describe the transverse space and adding dudv+Kdu 2 to the metric. The function and φ, one obtains new exact solutions.
Five dimensions
The simplest example of this construction starts with the SU (2) WZW model. In this case the dilaton is constant, the metric is the standard round metric on S
and H ijk = ǫ ijk is the volume form. In the CFT scheme, the metric and antisymmetric tensor have only a constant overall rescaling and the relevant equation for K is just ∆K = 0, where ∆ is the Laplacian on S 3 . Assuming SO(3) symmetry, the general solution is
The constants a and m can be absorbed into a redefinition of u and v so one obtains the following new exact solution:
with H ijk = ǫ ijk and φ =const as before. This solution has singularities at the poles of the S 3 . To interpret these singularities, it is useful to consider the dual F -model.
Starting with the general solution for K and dualizing with respect to u yields
Keeping the constants a and m is necessary to obtain the general solution, since they correspond to the freedom to dualize with respect to the symmetry which is a linear combination of translations of u and v. In the F -model it is not possible to remove both a and m by redefining u and v, but clearly a can be set to be either ±1 or 0 by rescaling one of the coordinates. The dual of (3.2) is the special case of (3.3)
Since u in (3.2) is timelike on one hemisphere and spacelike on the other and so is null at the equator, the dual with respect to u (3.4) has an additional singularity there. It still has singularities at the poles, but in a neighborhood of these singularities, the solution approaches the five dimensional FS solution (see (1.3))
Thus even though the transverse space is curved, the singularities introduced by adding an SO(3) symmetric K in (3.2) are just like the one in the background dual to the FS. This is not surprising since locally the transverse space is, of course, flat.
Four dimensions
To obtain a four dimensional solution one must start with a two dimensional conformal model in the CFT scheme [7] . The metric and dilaton are given by
where the parameters b and p are related by
Since θ must be periodic, it is convenient to introduce the shifted dilaton
The physical coupling in this case is exp(
ϕ) which is invariant under the leading order duality transformation. For the above solution, the shifted dilaton is simply
Since in the CFT scheme the tachyonic equation has the standard uncorrected form, the function K(x) must satisfy (see eq.(2.18); here φ is u-independent)
Observing that the measure factor is √ G exp(−2φ) = c 0 sinh 2r and assuming that K depends only on x and not on θ we find that the solution of (3.11) is simply
The constants a, m can again be absorbed into a redefinition of u and v, so that the full exact D = 4 metric is 
14 We can generalise this solution by introducing a u-dependent dilaton. Then K will get an extra piece ∼ x 2 and will grow at large x as in the plane wave case.
Remarkably, the solution for K (3.12) is the same in the 'leading-order' scheme where the metric and dilaton do not receive α ′ corrections. The point is that the tachyon operator remains the same differential operator, it is only its expression in terms of the new G, φ that changes. Thus, in the 'leading-order' scheme we get the following exact D = 4 solution
In addition to the covariantly constant null vector ∂/∂v, this solution has two isometries corresponding to shifts of u and θ. Hence we can consider two different types of duals.
Dualizing with respect to θ yields
For the two dimensional euclidean black hole, this duality can be viewed as a result of a coordinate shift bx → bx + iπ/2, under which the solution remains real. This is no longer the case for the four dimensional solution (3.15) since G uu is unchanged under this duality.
To obtain the dual with respect to u we again need to start with the general solution for K (3.12). We get
In contrast to the euclidean D = 2 black hole, the above D = 4 K-model and F -model metrics in (3.15) and (3.17) have curvature singularities at x = 0. The F -model (3.17) may have an additional curvature singularity at nonzero x depending on the parameters a and m. Let us choose a = 1, m = −M (M > 0) so that these additional singularities are absent. We thus find
18)
The singularity at the origin of this solution is exactly of the same type that appears in the The aim of this section is to discuss the general structure of the tree-level string theory effective action (EA) emphasizing a possibility to use the field redefinition freedom to put higher order α ′n -corrections in the simplest form. In particular, we shall show that the EA can be chosen in such a form (a 'scheme') that all α ′ -corrections vanish once we specialise to the case of a D = 2 background. In such a scheme the D = 2 metric-dilaton EA is thus known explicitly, i.e. is given by the leading-order terms. There also exists a scheme in which the D = 3 limit of the EA has all α ′ -corrections depending only on the derivatives of the dilaton but not on the curvature or antisymmetric tensor. 15 The reason why the two solutions agree is that near x = 0 the dilaton is constant and thus the equation for F : − 1 2
'Scheme dependence' of the effective action
Let us first recall a few basic facts about the string effective action [31, 32] . Given a tree-level string S-matrix (in D = 26) we can try to reproduce its massless sector by a local covariant field-theory action S(G, B, φ) for the metric, antisymmetric tensor and dilaton.
Subtracting the massless exchanges from the string scattering amplitudes and expanding the massive ones in powers of α ′ gives an infinite series of terms in S of all orders in α ′ .
The form of such action is not unique: a class of actions related by field redefinitions which are local, covariant, background-independent, power series in α ′ (depending on dilaton only through its derivatives not to mix different orders of string loop perturbation theory) will correspond to the same string S-matrix. Given some representative in a class of equivalent EA's we refer to other equivalent actions as corresponding to different 'schemes'.
The reason for this terminology is that the extremality conditions for the effective action are equivalent to the conditions of conformal invariance of the σ-model representing string action in a background [33, 34] and the related ambiguity in the σ-model Weyl anomaly coefficients or 'β-functions' can be interpreted as being a consequence of different choices of a renormalisation scheme [35] . This implies that some coefficients of the α ′n -terms in the EA will be unambiguous (being fixed by the string S-matrix) while many others will be 'scheme-dependent'.
Though one possible way of determining the EA is to start with perturbative massless string scattering amplitudes on a flat D = 26 background, S must actually be backgroundindependent. 16 In particular, its unambiguous coefficients are universal (e.g. they do not dependent on the dimension D). This is implied by the equivalence between the effective equations of motion and the string σ-model Weyl invariance conditions (which are background-independent). To make this equivalence precise in any dimension D we need only to add to the EA one
17 16 After all, we expect the EA to be a result solving for the 'massive modes' in a hypothetical background-independent string field theory action. 17 There is actually a subtlety related to this term: it is not clear that one can have a consistent Given such a background-independent EA
it would be useful to choose a scheme (i.e. the values of ambiguous coefficients) in which S has the simplest possible form. 18 For example, the correspondence with the Weyl anomaly coefficients of a string σ-model implies that there exists a scheme in which (4.1) does not contain other higher-order dilatonic terms. This follows also from the general argument [36] based on the path integral representation for the EA [32] and was checked directly at the α ′ -order [37, 38] by comparing with string S-matrix. We now show that in three dimensions one can do just the opposite, i.e., have only dilaton terms as higher order corrections.
Effective action in D ≤ 3
It is possible to arrive at a more definitive conclusion about a simplest possible scheme by specialising to the low dimensional cases of D = 2 and D = 3. More precisely, we would like to find an EA (defined for general D) such that its α ′n -terms take a simple form in the limit D → 2, 3.
Given that (4.1) is background-independent (in particular, its higher-order coefficients do not depend on D) we are free to take (G, B) in This is a necessary condition for a higher order term to be removed by a field redefinition, but it is not sufficient. It has been shown [39] that some combinations of a priori ambiguous coefficients in the EA are actually redefinition-invariant (unambiguous) 18 As usual in field theory, one is trying to fix the freedom of local field redefinitions in such a way that to have the simplest possible action reproducing given S-matrix. For example, one would prefer to reproduce the graviton scattering amplitudes of the Einstein theory by the Einstein action but not by a complicated action and thus are uniquely determined by the string S-matrix. In fact, it is easy to show that one cannot find a scheme in which there is no α ′ -term in the D = 3 EA. Suppose H = 0 for simplicity. Then in the standard scheme, the α ′ correction to the bosonic string EA is simply
In three dimensions, (R µνκλ ) 2 = 4(R µν ) 2 − R 2 . Under a field redefinition, the action changes by a term proportional to the leading order equations of motion. A similar statement is not true in D = 3 since there is one transverse degree of freedom for the string which could yield higher order corrections to the scattering amplitudes and hence to the EA. However one can express these corrections solely in terms of the dilaton.
To see this, consider the exact equations of motion for G µν , B µν , and φ in some scheme:
3) This will, of course, change the form of the correction terms for n > 1 but it will ensure that the n = 1 terms only involve the dilaton. One can now repeat this procedure for each n. In this way, one can express all the correction terms solely in terms of derivatives of the dilaton. The action which reproduces this form of the exact equations will then have only dilaton terms as higher order corrections.
Discussion
Let us discuss some implications of the above remarks. Since in D = 2 there is a scheme in which all α ′ corrections to the EA vanish, all backgrounds which solve the leading-order equations are in fact exact solutions. This conclusion is not so surprising:
the D = 2 'black hole' background [22, 5] represents the generic solution of the leadingorder equations, and given that the corresponding CFT is known (SL(2, R)/U (1) coset [5] ) one can find explicitly [36] a local covariant background-independent redefinition from the 'CFT scheme' [7] (where the background fields are α ′ -dependent) to the 'leading-order' scheme. It also follows that in this scheme the D = 2 σ-model Weyl anomaly coefficients just have their leading-order form.
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As for D = 3, in the scheme where α ′ -corrections are proportional to the derivatives of φ, the solutions of the leading-order equations which have constant φ remain exact to all orders. It is easy to see that the only leading-order solution with constant φ in D = 3 is the constant curvature anti-de Sitter space with the parallelising H µνλ -torsion corresponding 19 One may be tempted to draw a conclusion that there exists a scheme where the β-functions of a generic D = 2 σ-model also have just the leading-order form. This may not necessarily be the case since the field redefinitions implied in our argument are more general (involving the dilaton)
than the redefinitions corresponding to the freedom of choice of a renormalisation scheme in the standard σ-model β-functions. It may be of interest to understand this question further, e.g., in connection with the RG flow in some 2d σ-models [40] .
to the SL(2, R) WZW model or its possible cosets over discrete subroups (in particular, the D = 3 black hole of [21] ). For solutions with nonconstant φ, the best that we can hope for is to find a scheme in which a particular leading-order solution does not receive α ′ -corrections. This was shown [11] to be the case (to α ′2 order) for the charged black string background [18] , i.e. SL(2, R) × R/R coset model. In the next section we will find that there exists a scheme where the leading order solution for the D = 3 F -model (2.1), (2.30) is also conformal to the next order in α ′ . This will provide a perturbative check of the general path integral argument of Section 2.4.
Another implication concerns an exact form of the abelian duality transformations:
leading-order duality [19] is the symmetry of the leading-order terms in the EA [41, 20] and thus is the exact symmetry in the simplest scheme in D = 2. In fact, we have checked directly that while for a general D there does not exist a scheme in which the leading order duality remains a symmetry at α ′ -order without been modified by the derivative [20] , such scheme does exist in D = 2.
20
As for D ≥ 4, here the massless sector of string S-matrix is non-trivial so no simple scheme should be expected to exist.
F -model in three dimensions
The first non-trivial example of the F -model is in D = 3. If b = 0, the equation for F (2.30) just says that F −1 is a linear function of x. Since the transverse space here is one-dimensional, we can absorb the two free parameters and write the solution as
This is the formal D = 3 analog of the FS solution (1.3). The corresponding dual K-model
describes a flat spacetime.
The general solution of (2.30) with b = 0 is 21
3) 20 In the case of the D = 2 black hole solution this was observed in [36] . 21 We shall assume that b < 0 so that x → +∞ corresponds to the asymptotically flat region. 
As we have noted earlier, the actual value of a is not physical since one can rescale F by simply rescaling one of the coordinates u or v. The values which yield geometrically different solutions are a = 0, ±1.
Another connection between the F -model and the SL(2, R) WZW model is through
By the coordinate transformation v → v − au and a rescaling of u and v this becomes
which is obviously u-dual to the SL(2, R) WZW model (5.6). In other words, the F -model SL(2, R) WZW action in the Gauss decomposition parametrisation (5.6):
The gauged action is
Fixing the gauge r = 0 and solving for A,Ā first we finish with
In contrast to the F -model here one cannot easily integrate over u, v. An equivalent expression is found by fixing the gauge as uv = 1, u = e t . The resulting metric is then given by ds
Introducing an extra field y and gauging independently the 'left' and 'right' subgroups of SL(2, R) × R (generated by the positive and negative roots as in [13] , i.e., corresponding to the shifts of u and v in (5.5)) we get (cf. (5.9))
Here the constants λ, ν, ρ correspond to a selection of a particular subgroup we are gauging (the action is invariant under:
A +∂ǫ). Fixing y = 0 as a gauge and solving for A,Ā we finish with the F -model (see also Appendix C) 
where M and Q represent the charge and mass per unit length. This gauged WZW model only yields solutions with Q < M . However, given (5.13), one can clearly take the extremal limit Q = M to obtain
(5.14)
Letting bx denote the proper radial distance The relation between the F -model and black string clarifies the causal structure of the former. It was shown in [18] that the extremal three dimensional black string (5.14)
has a horizon at r ′ = M but no singularity. The correct extension across the horizon is not to take r ′ < M but to use a new radial coordinate η 2 = r ′ − M . The F -model in the form (5.3) just covers the region outside the horizon and is incomplete.
In Section 2 we have found that all F -models are exact solutions in some scheme.
How this is consistent with the fact that D = 3 F -model is equivalent to a gauged WZW 23 The parametrisation of the charged black string background used in [42] 
Let us mention also that in the Euler
It is related to the above one in terms of (z, x, t) by 2z = C +1+2q , it = (1+q) 1/2 θ , ix = −q 1/2θ , i.e. θ,θ are to be infinitely rescaled andr shifted in the extremal limit.
model? First, there exists a scheme in which the leading order solution for the general charged black string (5.13) remains a solution to the next order in α ′ [11] . In particular, this is true in the extremal limit. The above equivalence then implies that the general F -model in three dimensions is also exact to order α ′ in the same scheme.
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Moreover, by taking the extremal limit of the exact expressions for the charged black string in the CFT scheme [42, 11] one finds that there are no genuine α ′ -corrections in this case (all dependence on 1/k can be absorbed into rescalings of the coordinates). This is easy to see directly from (5.11). The origin of the 1/k corrections to the σ-model backgrounds corresponding to gauged WZW models is in different renormalisation of the coefficients
c H ) in front of the group and subgroup parts of the action defined in the CFT scheme. The CFT scheme analog of (5.11) thus has the coefficient k of the first SL(2, R) two terms replaced by k −2 while the coefficient k of the last R-subgroup term remains unrenormalised. That means that to find the exact background fields the constant ρ 2 and thus a in (5.12) are to be replaced by
But as was already mentioned above, a can be rescaled by a coordinate transformation.
We conclude that like the F -model (2.34) obtained by the nilpotent gauging, the D = 3
F -model does not receive non-trivial α ′ -corrections not only in the leading-order scheme but also in the CFT scheme.
Relation between solutions in different schemes
Let us now examine in more detail the relation between exact solutions in different schemes. Since F -models are in many respects similar to gauged WZW models 25 we shall start with some general comments on exact backgrounds corresponding to gauged WZW models. 24 We have also checked this directly starting with the F -model and repeating the computation in [11] . We would like to point out a misprint in eq. (4.33) of [11] : it should contain an extra term −∇ 2 S. 25 In particular, the integral over u, v in the former is similar to the integral over A,Ā in the latter.
Solutions corresponding to gauged WZW models
The classical gauged WZW action can be represented as
i.e. as a difference of the two WZW actions for the total group G and the gauged subgroup H. This representation implies that the gauged WZW model is a conformal theory. Fixing a gauge on g and changing the variables to g
we get a σ-model on the group space G × H which is conformal to all orders in a particular 'leading-order' scheme. That means that the 1-loop group space solution remains exact solution in that scheme. Replacing (6.1) with the 'quantum' action with renormalised levels k → k + To obtain the corresponding σ-model in the 'reduced' G/H configuration space (with coordinates being parameters of gauge-fixed g) one needs to integrate out A,Ā (or, more precisely, the WZW fields h andh). This is a non-trivial step and the form of the result depends on a choice of a scheme in which the original 'extended' (g, h,h) WZW theory is formulated.
Suppose first the latter is taken in the leading-order scheme with the action (6.1).
Then the result of integrating out A,Ā can be found by using a matrix generalisation of the formulas (2.10),(2.12), (2.14) . If the O(A 2 ) term in (6.1) is written as d 2 zF ab A aĀb ,
, then under a specific assumption about the measure the correction to the action is
26 In general, the derivative term in ∆I will have the form Tr [∂f 1 (F )∂f 2 (F )] where f i are functions of the matrix F . The choice of the measure should be consistent with the assumption that the resulting σ-model should be formulated in a target space covariant way. In particular, the resulting dilaton should be the one that can be also obtained by solving directly the covariant σ-model conformal invariance equations.
The resulting σ-model metric and dilaton are then given by (cf. (2.15) )
where G µν is the metric obtained by solving for A,Ā at the classical level and φ 0 is the original constant dilaton. Since the α ′ -term in the metric can be eliminated by a field redefinition we conclude that there exists a leading-order scheme in which the leading-order gauged WZW σ-model background (G, B, φ) remains an exact solution. The leading-order scheme for the ungauged WZW σ-model is thus related to the leading-order scheme for the gauged WZW σ-model by an extra 2α ′ ∂ µ φ∂ ν φ redefinition of the metric. This provides a general explanation for the observations in [10, 11] about the existence of a leading-order scheme for particular D = 2, 3 gauged WZW models.
If instead we start with the (g, h,h) WZW theory in the CFT scheme, i.e with the action
then the resulting σ-model couplings will explicitly depend on 1/k (and will agree with the coset CFT operator approach results [7, 8, 9] ). While in the WZW model the transformation from the CFT to the leading order scheme is just a simple rescaling of couplings, this transformation becomes non-trivial at the level of gauged WZW σ-model. It is the 'reduction' of the configuration space resulting from integration over the gauge fields A,Ā that is responsible for a complicated form of the transformation law between the 'CFT' and 'leading-order' schemes in the gauged WZW σ-models (in particular, this transformation involves dilaton terms of all orders in 1/k, see Section 6.2 below).
An exception is provided by the σ-models (2.34) obtained by nilpotent gauging: here the second term in (6.4) is absent by construction [13] . The background fields do not receive non-trivial 1/k corrections even in the CFT scheme, i.e. the relation between the leading-order and CFT schemes is equivalent to the one for the ungauged WZW model.
The same is true for the D = 3 F -model or the extremal limit of the SL(2, R) ×R/R coset.
Transformations between different schemes
Let us now discuss how the above remarks are supported by the direct perturbative
analysis. There exists a simple ('standard') scheme in which the order α ′ effective action has the form [37]
The redefinition leading from this 'standard' scheme to the the leading-order scheme in which the parallelizable (group) space with φ = const is automatically a solution of the conformal invariance equations (to order α ′ ) is [37] 
The two α ′ -terms in (6.7) thus have clear interpretation: the first (H 2 µν ) leads to the leading-order scheme for the ungauged WZW model while the second (∂ µ φ∂ ν φ) is related to the derivative term (6.2) in the determinant factor which results from the integration over the gauge fields in the gauged WZW model.
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At the same time, the transformation between the standard scheme and the CFT scheme (in which the background fields receive corrections to all orders in 1/k) was found
The relation between the leading order and CFT schemes obtained in the case of D = 2
Note that the presence of the dilatonic terms α ′ ∂ µ φ∂ ν φ and (∂φ) 2 G µν in (6.11) is consistent with (6.7),(6.9). However, since (6.11) and (6.9) were derived using specific properties of D = 2 and D = 3 backgrounds, they need not coincide in detail.
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As follows from the discussion in Section 5, (6.7) is also the transformation to the leading-order scheme for the D = 3 F -model (see also Appendix C). This transformation must be universal: it should define the 'leading-order' scheme also for generic D > 3 Fmodels. This is certainly true for the models (2.34) and is consistent with what we have found in Section 2. The background (2.28) corresponds to the solution in the 'leading-order'
We thus conclude that the result of the path integral argument of Section 2 is consistent with the perturbative analysis of the solutions corresponding to (6.5) (cf. (2.26), (6.7)).
Discussion
We have considered two new classes of exact solutions to bosonic string theory. These take the form of the F -model (2.1) and the K-model (2.2) which are related by a leading order duality transformation. One can view these solutions as two different ways of extending a known spatial D − 2 -dimensional euclidean CFT to obtain a D-dimensional lorentzian one. The K-model provides an interesting union of the standard gauged WZW and plane wave constructions. We have discussed a four and five dimensional example in Section 3 but clearly higher dimensional solutions can be constructed in an analogous 28 Since the CFT scheme is defined only for specific gauged WZW backgrounds, there may not exist a universal relation (valid in any D) between the CFT and the standard schemes.
manner. Since these two classes of exact solutions are related by leading order duality, it appears likely that given any exact solution to string theory with a continuous symmetry, the solution obtained by a leading order duality transformation is also exact in some scheme.
Perhaps the most interesting solution in the class of F -models is the fundamental string (1.3). This solution has a curvature singularity at r = 0. Furthermore, the effective string coupling exp φ = g 0 √ F goes to zero at the singularity. The FS is the first example of an exact solution with these properties. 29 It thus appears that this singularity might survive not only α ′ -but also quantum string corrections. To establish this, two further results are needed. One must study the CFT corresponding to this classical solution and determine whether there is a singularity in a sense appropriate to string theory. The diverging curvature of the metric 'seen' by point-like string states by itself is not sufficient to ensure the existence of string singularities. One must also study the string loop corrections in some detail. The perturbative corrections are powers of the string coupling times some (nonlocal) functionals of the metric and dilaton which may still diverge at r = 0 producing a large quantum correction. However, one should note that the string coupling vanishes faster in higher dimensions while the curvature diverges like 1/r 2 for all D. Thus it is possible that perturbative quantum effects are important only in low dimensions. In addition, there may be non-perturbative corrections, but they are likely to be small in the limit of small string coupling.
There are several arguments one might give to try to support the idea that the singularity in the fundamental string solution should be innocuous in string theory. First, the behavior of classical test strings in this background has been studied [43] and it was shown that test strings parallel to the source string and oriented in the same direction do not feel any force in the limit of small velocities. 30 This same conclusion holds for all F -models.
Second, quantum test strings have been studied in a shock wave background which has a singularity similar to the FS for u = 0, but is flat elsewhere [45] . It was argued that string propagation remains well behaved. Third, strings may be dual to five-branes, and if one rescales the FS metric by a power of the dilaton to obtain the geometry seen by a five brane, 29 If one periodically identifies the direction along the string, the effective coupling is exp(
lnG, which is invariant under duality. Since the dual of the FS is a plane wave which is known to be exact, this provides a second (equivalent) example of a solution with these properties. 30 This is modified if we make a periodic identification to obtain strings of finite length R, and take the limit of small velocity v holding Rv constant [44] .
it does not have a curvature singularity [46] (although the dilaton still diverges). Finally, as we have said, the FS can be viewed as the field outside a straight fundamental string.
Using the linearity of the equation for F −1 one can consider the multi-string solution and study string scattering. Preliminary calculations show that this scattering is in agreement with the standard results of string scattering in flat spacetime [43, 44] . This suggests that the FS solution is in some sense equivalent to the usual strings in string theory which are certainly non-singular objects! While it may be true that the singularity in the FS is not serious, the above arguments are far from conclusive. In the first case, generic classical string configurations certainly do feel a force, and one must consider all states of a (quantum) test string before a singularity is declared harmless. In the next argument, the fact that the spacetime is flat away from u = 0 means that a string will feel the singularity for at most an instant. For the FS, the singularity is present for all time. The third argument is relevant only if one wants to define a singularity in terms of the behavior of objects other than test strings. It is not clear whether this is a useful thing to do. Finally, the scattering calculations have so far been compared only at large impact parameter where the strong curvature regions do not play a significant role. More importantly, we have been viewing the FS as a particular nontrivial classical solution. The question of whether it is singular is not directly related to the scattering of two quantum strings. In particular, the fact that the string coupling goes to zero in the FS solution has no analog in the usual string scattering calculations in flat spacetime.
There is one unusual feature of the FS solution which is evident even at the level of the leading order string equations. While the FS is certainly a solution to these equations for r = 0, it is not a solution at the singularity due to the presence of δ-function source terms. In general relativity, one never asks if the field equations hold at a singularity since in general this not a well defined question. However if string theory is indeed a 'theory of everything', one should presumably not add external sources. One might thus argue that the FS should not be viewed as an allowed classical background. The difficulty with this argument is that if one demands that the field equations hold everywhere, one is in danger of simply defining away the problem of singularities. Physically, one must study dynamical collapse situations to see whether the field equations break down, or (in some sense) remain satisfied for all time.
The key property of the F -models used in this paper is their chiral structure (the balance of the metric and antisymmetric tensor components) in the (u, v) sector. That 17) ). This is to be compared with, e.g., the Schwarzschild background where integrating out any pair of coordinates produces a complicated non-local two-dimensional effective theory.
We have seen in Section 5 that the D = 3 F -model can be obtained as a gauged WZW model. It was previously shown that F -models of the form (2.34) can also be obtained as gauged WZW models. An open question is whether other F -and K -models, in particular, the FS one, are also related to gauged WZW theories. It is known that some of the plane wave solutions admit a coset CFT interpretation [47] . However, these are all of the special form (2.3) and thus are the simplest type of K-model . It is not clear whether this correspondence extends to the more general K-models considered here.
Another interesting question concerns supersymmetric versions of the F -and Kmodels, and related superstring and heterotic string solutions. In particular, we can construct a D = 4 heterotic string solution by adding the (u, v)-terms to the two dimensional 'monopole theory' constructed in [48] . This is essentially a reinterpretation (in a Kaluza-Klein or heterotic string manner) of the (u, v) × SU (2) D = 5 bosonic solution (3.2) as a D = 4 heterotic one.
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Appendix A. Leading order equations for the F -model
We consider here the F -model with flat transverse space (1.1). Since
the components of the Christoffel symbols are
The only non-trivial components of the curvature are (others reduce to them or vanish)
The Ricci tensor is then
The one-loop conformal invariance conditions can be obtained by extremizing the action (4.1). Varying with respect to G µν , B µν , and φ yields One might expect the curvature to be simpler using the connection with torsion
The curvature forΓ λ µν is the followinĝ
It vanishes when h is a linear function of x, e.g. for the SL(2, R) WZW model (F = e −2bx )
as it should since this is the group space case. To obtain a vanishing curvature for the general F -model we would need to 'add' dilatonic terms to ∂ i ∂ j h and ∂ i ∂ j h terms in (A.14). It is not clear if this can be done in a systematic way by modifying the connection.
Appendix B. A generalization of the F -model
In this appendix we point out that there is a slight generalization of the F -model which can also be shown to be conformal using the arguments of Section 2. This is motivated by the following generalization of the K-model (see e.g. [2, 4] ). When the transverse space is flat one can extend the K-model by introducing an antisymmetric tensor background of the form B iu = B i (x). The K-model then becomes 
where G ′ ij and T are the same as in (2.15) and (2.23). By power counting the conformal invariance conditions for the couplings in W must be at most quadratic in B i . We thus get back to the conditions (B.2). In the leading-order scheme we thus obtain the following 'constant field strength' solution
The solution that generalizes the FS one (1.3) is thus 
The integral over (u, v) thus produces the effective renormalisation k → k − 2 of the coefficient of the ∂x∂x term. We have assumed that the measure factor F 0 in (2.12) is equal to F = e −2bx (as implied by the Haar measure). The conformal invariance condition (2.24)
is then satisfied automatically and the corresponding central charge condition becomes (cf. To obtain the same exact expression for the central charge we need to start with the WZW action in the CFT scheme (i.e. with k → k − 2) so that α ′ b 2 is identified with 1/(k − 2) (see also [10, 11] ). This is the expression in the leading-order scheme for the WZW theory. In the CFT scheme k → k − 2, ρ 2 → ρ 2 k k−2 . As was already noted above, this transformation is trivial since it can be 'undone' by rescaling of the coordinates. If we first change the coordinates u → u ′ − λw, v → v ′ − νw then (C.4) becomes the sum of decoupled actions for the 32 A similar computation of the central charge for WZW models admitting the Gauss decomposition parametrisation was discussed in [49] (see also [13] ).
SL(2, R) WZW model and the free R × R model for (w,w). The theory is thus obviously conformally invariant. Integrating over u ′ ,v ′ and w,w we get the same resulting x-theory (C.1), (C.2) as in the ungauged WZW case. The integral over w,w gives only a constant contribution if we assume that the measure factor F 0w corresponding to (w,w) is trivial.
Equivalent result should be found if we f irst integrate over A,Ā or w,w (as we are supposed to do in order to obtain a σ-model corresponding to a gauged WZW model). We can compute the resulting effective action by applying (2.10),(2.12) to the integral over w,w with the action ∼ d 2 zF w (x)∂w∂w, The reason for this paradox lies in the fact that the redefinitions of (u, v) should be consistent with covariance properties of the measure, i.e. they do not, in general, preserve the covariance of the theory. As in the path integral argument in Section 2, extra local counterterms are to be added to get a consistent result. In the present case we need to add a local counterterm leading to the 'mixing' term −α ′ ∂lnF ∂lnF w in G xx in (C.7). Then the final result (C.9) is the same as in the manifestly 'conformal' approach when one first redefines u, v to decouple them from w,w.
More generally, one can consider the following analog of the (u, v, w,w) part of (C. is true only if the measure on the full (u, v, w,w) space is consistently assumed to be the same in both cases.
33 ∆I 1 and ∆I 2 correspond to the (u, v) and (w,w) integrals and are the same as in (2.12).
